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TWO REMARKS ON FOURIER-STIELTJES 
TRANSFORMS 

BY 

I. GLICKSBERGt 

ABSTRACT 

Special refinements of a theorem of Rajchman are given, along with some 
comments on approximation of certain Fourier-Stieltjes transforms. 

We shall be concerned with two separate  observations (which had their origin 

in one simple lemma). The second (w concerns refinements, in special cases, of 

the theorem of Rajchman [4] which states that a complex measure /z on the 

circle group T satisfies 

(0) l i m / 2  (n) = 0 

iff the same is true with J/x I in place of /~,  and so iff 

lira /2 ( n )  = 0. 

The first (w is a comment  on the question, for a locally compact  abelian 

group G, of what can be said of those measures ~ in M(G) whose 

Fourier-Stiel t jes  transforms /2 approximate  a fixed transform ;~ well? 

w In view of the discontinuity of the map /2  --* ~, little should be expected 

in answer to the preceding question. Our  purpose here is to point out one 

instance when something can in fact be said: if ,( is bounded away from zero/2  

will approximate  J( well only if a certain proport ion of their masses are mutually 

absolutely continuous (with the proport ion depending on our bound and the 

degree of approximation).  More precisely, we shall prove 

t Work supported in part by the NSF. 
Received November 6, 1977 and in revised form April 17, I978 



2 I. GLICKSBERG Israel J. Math. 

THEOREM 1. Suppose A and t2 are bounded away from zero and, on a subset F 

of the dual F of G containing some translate of each compact K C G, satisfy 

(1) I sgn ,~ - sgn/,2 I -< 0 < ~/2. 

Then if A, is the part of A absolutely continuous with respect to I I~ I we have 

1 - 

(2) [li-',{,, II=->~ (v '2- o)= rt. 

In fact, the same is true if F is the generator of an invariantfilter in the sense of 

[3], viz., F lies in a dense subgroup F0 of F and contains some translate of each 

finite subset of F0; moreover A and g need only be bounded away from zero on 

F if the left side of (2) is replaced by sup l,~ ~,(,~ (F)I. 

In particular, (2) implies 

(2') II 2t,, II >= II ~ I1~ >- rl /11 ~- '  II~ = rl inf I,( [, 

but a stronger inequality on the norms of h.,~ and ,(~ actually holds. 

THEOREM 2. Under the hypotheses of  Theorem 1, 

(3) II,~, II= > (1 - 02/2)inf/,(d [_-> (1 - 02/2)inflA(F)[ 

where ha is the discrete component of h. 

Since 

1 - 02/2  = ~ ( V ~ +  o )  = n ( V 2 +  o) 

(3) is a considerable improvement over (2'). Note that the restriction that our 

transforms be bounded away from zero is essential: if # is a singular measure on 

R and / ~ L t ( l l )  has t > 0  then sgn/2 =-sgn(f*p.)  ̂ . In fact (2) and (3) result 

precisely from overlap of the discrete components of our measures. 

The proofs of both results are related, and are consequences of conversations 

with Yitzhak Katznelson and Don Marshall, to whom I would like to express my 

thanks. Both depend on the fact that the mean value of a Fourier-Stieltjes 

transform is the mass of measure at the identity [5], and that mean values are 

determined on sets such as F, in particular on generators of invariant filters [3, 

lemma 1], viz., for weakly almost periodic functions / and g on F, if f _-> g on F 

then M ( f )  >-_ M(g).  

To begin our proofs, we note that (1) implies that 

sgn (A * * ~ )^(F) C (z : [arg z [ =< 2th} 
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where  4} = sin -~ ( 0 / 2 ) <  7r/4. Thus  the mean value M(,~/2 ) lies in the convex hull 

of 

{z : [arg z J_-__ 24~, Iz ]=> inf ],~/x J (F)}, 

SO 

R e  M(~/2 ) => (inf J ~/2 I (F) )cos  2,;/} 

= (inf J s [ (F))(1 - 2 sin 24}) 

= (1 - 0=/2)inf I ,{/2 I(F). 

Since M(a/2)= a**U{0} [5], we have x, in G for which 

R e  a * * > {0} = Re  ~ a {xj}/x {xj} _-> (1 - 02/2)inf I 2/2 I(F) > 0 
J 

and consequent ly  we deduce  that (1) on F implies a and /z  cannot  be mutually 

singular. But  now let & = A - a. ,  the componen t  of a singular with respect  to 

[/z I. Then since r/ = � 8 9  1, if our  conclusion fails we have I[s 1[=-< 

~7<1,  so 

Is I, I-IL 1->_ (1- n)l,  I 

and 1s I is also bounded  away from zero on F. Thus  

s L s -at lLfll -[LIl+lLI 

--<2[[A '.~. I1~ < 2,7, 

whence  

[sgn )~, - sgn/2 t -<- 21l ~. ~A, H= + ]sgn ,~ - sgn/2 

0 ' =  21]X-'X~ I[| 0 < 2 r  t + 0 = ( x / 2 -  0 ) +  0 = x /2  on F, 

and now the first part of our  argument ,  applied in As,/z and 0', shows As and/~  

cannot  be mutually singular, complet ing our  proof  of Theo rem 1. 

The  proof  of Theo rem 2 is a ref inement  of the first part of the preceding 

argument .  Noting again that (1) locates (A * * /z )^(F) in the cone {z : l  arg z I _  -< 

24}} we have Re  ,~t2 => IA/2 ](1 - 02/2) on F ;  again we apply the mean M, but  use 

the fact that the t ransform of a cont inuous  measure  lies in the ideal of functions 

of mean value zero: 
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(1 - 02/2)M([~a/2. I )= (1 - 02/2)M(IX~d [) = (1 - 02/2)M(1~/2 l) 

< M(Re ,(/2) = Re M(-/ta/2d)<--_ [h** tza {0} I = I ~ h  {x} # {x}l 

Now from the first, second, and last quantities, we obtain the inequalities 

( 1 -  O:/2)inflAa(F)[M(I/2a [)_-< [[,(. II~M(I/2~ I), 

(1 - 02/2)inf l A (F)l M (I /2a I) <= IIA~ [I~M (I /2a I), 

while we know tz,,~0 so M(I/2, , [ )>0.  Thus (1-02/2)infli(F)l and 

( 1  - 02/2)inf I ~a (F)I are bounded by I1 s I1o. In fact, however, the first of these is 
the smaller since ,(a (F)C X (F)- by [3, cor. 4]. 

By exactly the proof of Theorem 2, we can obtain a version involving ordered 

n-tuples A = ()tl, " . , & )  of elements of M(G) ,  simply replacing absolute values 

by the euclidean norm. 

THEOREM 2'. Let A = ( h t , . . . , h . )  and A ' = ( A ' , - - - , A ' . )  be two ordered n- 
tuples of elements of M ( G ) for which, for some 6 > 0 and 0 < ~/2, we have, for 
each compact C C F, some translate of C on which 

(1') f~,l>= & I~,'l>- ~ and I-~l ih,i <= o. 

Then if Aa is the n-tuple of measures (A,)~;, we have ~-1113.o II~>= (1- o2/2). 

(Here .A = ( , ( l , " ' , X . )  of course; one must only note that (1') implies 
ReE(h  * * h;) v _-> Ih I Ih'[(1 - 0z/2).) 

Although it is clear for (3) from our proof, we can also trace (2) back to 

overlap of the discrete parts of h and ~. Indeed if (1) holds on F, the generator of 

an invariant filter in the sense of [3], then by its main result we have a net {'re} in 

F for which (/2)(v)~, ~ /2d  and (AXv)~, ~ ha pointwise on F0 (since/2~, ha are the 

almost periodic components of /2, ,(); thus [sgn/2~-sgnh~ I_- < 0 < ~ / 2  on F 

follows from (1). Since, as we have noted, ,(a (F)C ,((F)- and/2d (F)C/2 (F)-, we 

also have ,~a and/2~ bounded away from 0, and so can conclude from Theorems 

1 and 2 that 

(2") [I 2.'(aa)Lll~ => ,7 

and 
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(Y') II(ha)~,.[l~ ~ (1 - 02/2)inf [,(d I. 

But now we can use the almost immediately evident fact that (h~),.. = (h,,)~ 

along with our inclusion hd (F) C ,((F)- to obtain the conclusion of Theorem 2 

from (3"), since by the latter [[ h~, [[~ => [[ (h,, )3 [[= and inflha I => inf] X (F) r; thus 

II L I1o ~ II (;~.):, I1= = II (.~.);.l l --> (1 - o =/2)inf I Aa [ 

_--- (1 - o~/2)infl X (F)  I. 

To obtain (2) itself in Theorem 1, we have for 3' E Fo, which is dense in F, 

I X~'(7)(hd)~(7)l = lim] X-'(7 + 78)X, (3' + 7~)1, 

whence (2) follows from (2"). 

Actually there is a formulation of our result for weakly almost periodic 

functions 6, tO on F and their almost periodic components, 6,, tOo, but the 

analogue of h,, seems less natural. Let 

sp~ (6)  = {g ~ G = F^: M ( g 6 )  ~ 0} 

be the almost periodic (or point) spectrum of 6, where M is invariant mean on 

the weakly almost periodic functions W(F) on F. 

TrtEOREM 2". For 6, tO E W(F) and F the generator of an invariant filter on F, 

if 6 and tO are bounded from 0 on F and satisfy 

I sgn 6 - sgn tO[ _-< 0 < ~/2 

then 

(2") 

on F 

This is easily seen to be our Theorem 2 when 6 = h, 41 =/2, but for a general 

weakly almost periodic function 6 there is little reason to expect the left side of 

(2") to be finite, and indeed this is only the case when E~ESpo~,~lM(g6)l < ~. (In 

particular (2") does make an assertion (exactly) when the almost periodic 

component of 4' has an absolute convergent Fourier series.) 

In order to prove the result, note that as before, we know I sgn 6a - sgn to, I =< 

6 on F and that it suffices to prove (2"') for F, 6~ and to, in place of F, 6, to since 

the left side is unchanged while the right side can only increase because 

6 a ( F ) C 6 ( F ) - ,  again by [3]. So we may as well replace F by F ~ its Bohr 

compactification, and take G discrete. Now if (2'") fails, then in L| the net 

E- -*6~  = E ~ M ( g 6 ) g  of trigonometric polynomials of norm-<_c < 
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( 1 - 0 2 / 2 ) i n f l 4 ' ( F ) l  must have a w* cluster point 4'0, and [14'011_-< c. But now, 

since M corresponds to the Haar  integral over F ~, R e M ( ~ , @ , ) =  

lim Re M(t~@~) = Re M(dpoqla) while we know 

Re M(dp~t~a) >= (1 - 02/2)M(I &@o I) 

so that 

(1 - 0 2/2) inf 1 4'~ I M(I fro I) --< Re M ( ~ o ~ a )  _--< l[ (~oll M(I q' I) 

<= cM(I  @ I) < (1 - 02/2)inf 1 4'(F)I M(I  qs~ I). 

Since 4'~ (F) C 4' (F)-,  inf 1 4'a (F) I ---. infl 4' (F) I so we have the desired contradic- 

tion. 

The extent  to which Theorem 2 can be applied can be made quite explicit: t A l 

and t/2 t > 8 > 0 and (1) hold for some 0 < X/2 on some generator of an invariant 

filter if and only if A~ and I~d are invertible and u = A ~' * I~d satisfies I sgn ~ - 11 -< 

O' < X/2 on F. 

Once we note ;td is invertible iff ,~a is, we have essentially seen "only  if"; in the 

other  direction if I sgn i; - 11 -< 0' then I sgn 3.a - sgn/2~ I ~ 0', and we have only to 

note that [3, cor. 2] for (5 > 0 

F~ = {y: I/2(7)-/2a ('y)12 + l,((y)- ,~d ('y)12 < (5} 

generates  an invariant filter, on which for 8 = 8, small, I s g n , ( - s g n / ~ l  -< 

0' + e < ~/2, by exactly the use of the triangle inequality employed in proving 

Theorem 1. 

There  is another  variant of our  results which should be noted. 

COROLLARY 1. Suppose {ms} is a net of probability measures on F which 

converges pointwise to the invariant mean M on W(F). I f  I,(I and 1/21 are 

bounded away from 0 and 

ms{y:  I sgn /2(3 ' ) -  sgn J((3')l -< 0}---~ 1 

where 0 < ~/2, then 

1 
H 7,-zX~ tl~ >= 5 (~/~ - o) and If X~ II| >= (1 - 02/2)inflA t . 

For  let 4' denote  the extension of the weakly almost periodic function 

Isgn/2 - s g n  ,(I to the weakly almost periodic compactification F w of F[0], and 

choose @ E C(F w) with 
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0 + e < ~/2;  since {m~} converges  w * on C(F  w) to m, the H a a r  measu re  of  the 

least ideal F ~ of F w (which is the measu re  of F w providing our  invar iant  mean  

M[0])  we have  

1 = lim m8 {q5 =< 0 } =< lim f ~dm8 = f ~bdm <= m {ok <= 0 + } E 

so that  ~b =< 0 + e eve rywhe re  on FL But that  amoun t s  precisely to the asser t ion 

that  [sgn ~d - sgn,(d I -< 0 + e, so (2") and (3) follow as before .  

Thus  for  G = R, it 's enough  to know that  on each of a sequence  of intervals  L 

with I I n l - - - ~  we have  (1) holding rl, IIn I of the t ime, with r/ ,---~l;  more  

interest ingly (2) and (3) follow if (1/n 2) card{7 E {1, 2 , - . . ,  n} + 

~ / 2 { 1 , 2 , . . - ,  n}: [sgn/2(7  ) - sAn J((7)l  =< 0}---~ 1. 

(Here  our  hypothes is  for  the cor responding  normal ized  count ing measures  m,  

holds by the following a rgument :  for  x in the subsemigroup  S = Z+ + X/2 Z§ of R 

we evident ly  have  [[ ~ * m~ - m~ I[--~ 0, and thus ~ * m = m for  any w* cluster  

point  m of {m~} on R ~ ; since [3, 0] the least ideal R" of R w lies in the closure S -  

o r S  i n R  w a n d S ~ * m  = m  for  a n y x  inS ,  t h i s s a y s S ~ * m  = m  for  a n y x  in the 

least ideal R ~, so that  m must  be  the H a a r  measu re  of RL) 

T h e o r e m  1 and the results of w were  originally ob ta ined  as direct  consequ-  

ences of the following s imple  l emma.  

LEMMA 1. Suppose the identity of G does not lie in the closed support S~ of 

v E M(G) .  Then Re ~ -> 0 implies Re ~3 -- 0. 

T o  p rove  the l emma,  let U be a symmet r i c  ne ighborhood  of 0 for  which 

( U  - U)  N S~ = Q. Then  for  f = Xu *Xu we know f is a non-nega t ive  eleinent  of 

L~(G) while f - > 0  lies in L~(F), and f ~ = 0 .  Thus  0 = ( f v ) ^ = f * ~  (by the 

inversion formula  and Fubini),  and so 

0 - = R e f *  ~ = f .  Re  ~. 

But  the cont inuous  funct ion Re  ~3 => 0 while f _-> 0, so this implies  Re  ~ --- 0 on any 

t ransla te  of the suppor t  of f, hence  on all of F. 

COROLLARY 2. If 0 f~ (S, - SA)- then (1) on F implies Ai2 - O. 

Indeed  (S,~ - S~) suppor t s  the measu re  A* */x and f rom (1) 

I 1 - s g n , ( s g n / 2 1 =  I i - s g n ( h * * ~ ) ^ l _ - <  0 < X / 2  

so (A * * /.t )^(F) lies in a p rope r  subcone  of the right half p lane  in C. Now for  

e > 0 small we have  Re  e ~-",~/2 _-> 0 so that  Re  e =%(// --- 0 by the l emma,  whence  

.~/2 --- 0. 
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COROLLARY 3. Suppose 0 ~: (& - A ) - ,  /z ~ 0, and {/z. } is a sequence of 

measures carried by A. If, for almost all 3' in F\/2 -1(0) we have all cluster points of 

{/,~,/2 (3')} lying in the sector l arg z I --< 7r/2 - e, while lirnl/2. (3')1 > 0 for 3" in a 

subset of F\/2-1(0) of positive measure, then 1I/2. II --'~ ~. 

In case G = R  and A is an infinite compact set then we can uniformly 

approximate /2 on compacta by {/2,} with /x. in M ( A ) ,  indeed so that 

s u p l / 2 - - / 2  I ( [ - n ,  n ] ) =  < 1/n: otherwise some non-zero measure A on [ - n ; n ]  

would be orthogonal to M ( A )  ^, whence we obtain non-zero entire function ,( 

vanishing on A. Taking /2 bounded away from zero we have 11/2. I1--~ 0o by the 

Corollary. 

For its proof, suppose we have a bounded subsequence of {11/2, I1~} (which we 

take as the whole sequence). As in the proof of the lemma we have 0 =  

f *  Re/~n/2, so since {[[/z. [[~} is bounded we obtain from Fatou that 

0 = lim f *  Re/],/2 (y)-> f *  lira Re/.~./2 (3,). 

Since the last lira is _-> 0 by hypothesis we conlude lirn Re/.~,/2 = 0 a.e. But this is 

inconsistent with our hypotheses on cluster values of/2n/2 which together imply 

lim Re/~n/2 > 0 on a set of positive measure. 

w The original purpose of Lemma 1 was to extend Rajchman's theorem for 

certain measures*, replacing (0) by the hypothesis that the set of cluster values of 

/2 at + oo lies in a closed cone K (with vertex 0) in C, i.e., that 

(3) cl(/2, + oo) C K, K ~ C .  

As we shall see (Theorems 3 and 5) this can be done in a couple of ways. 

The set of Fourier-Stielt jes transforms satisfying (3) is translation invariant, 

and closed under the formation of linear combinations with positive coefficients; 

alternatively, the corresponding set of measures on T is invariant under 

multiplication by P+, the set of positive definite trigonometric polynomials 

(precisely those trigonometric polynomials with positive coefficients). So to 

conclude that any measure v ,~ I/z t also satisfies (3) it is sufficient to know P+ is 

dense in L~(lp. I): (repeating the argument now used** to prove Rajchman's 

theorem) then pn/z ~ v in norm for a sequence {p,} in P+, and since (p,/z) ̂  

satisfies (3) for each n it is clear l; must. In fact since we also have p, in P .  for 

which p,lx ~ e~v we conclude that 

* For a full (and much deeper) extension, see [2]. 
** I learned of this argument from Frank Forelli. 
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cl(~, +oo)C e-'~ 

for each 0, and thus that our cluster set is in fact {0} itself. Evidently we can now 

assert (for those /z in M ( T )  for which P+ is dense in L~([/z I)) that (3) implies 

cl(I/z [^, + oo) = {0} hence that I/~ Ĵ  E Co, whence ~3 E Co for each v ,~/z by the 

same argument. 

We thus arrive at the question of when P§ is dense in L~([/x J), which divides 

naturally in two: when the closure P~ is real linear, hence precisely the real span 

of F, and when that real span is complex linear. 

LEMMA 2. Let G be a locally compact abelian group, tz � 9  and 

P+ = {Z a,y, : a, _-> 0, y, �9 F} be the set of positive definite trigonometric polynomials 

on G. Then (1) the closure PT, in L ~(ll ~ I) of  P+ is a real linear subspace iff (2) 

Re (glz)^ >-_ 0 implies Re (glz)^ =- 0 for g in L =(llx [). 

As mentioned the subspace is (P+ - P+)-, the real linear span of F; since (2) 

asserts that any continuous real linear functional which supports the cone P~ is 

identically zero, the equivalence is clear. (As we shall see later P~. = (P+ - P+)- 

itself yields a variant of Rajchman's result (Theorem 5).) 

Thus 0 ~ S,. is sufficient to guarantee (1) by Lemma 1, but it is hardly 

necessary. Indeed for a compact group G if IV [(U)--*0 rapidly enough as the 

neighborhood U of 0 shrinks to 0 we can obtain (1): as Katznelson has pointed 

out to me it's sufficient that we have, say, an approximate identity* of 

trigonometric polynomials {p~} in P+ for which I[ps/-t II ~ 0; then /~  ~ 1 pointwise 

and so, for any trigonometric polynomial p with real coefficients, we eventually 

have 2[[/~ II~p~ + p �9 P+ while 2[[/~ [l| II~0,  so p �9 P ; .  Thus in particular for 

G = T =  ( - r r ,~- ]  it suffices to know fo'"ltz I ( - t , t ) d t  = o(n -2) since this is 

f - , .  n(1 - precisely this condition for a familiar approximate identity, viz., that "" 

n ] t  [)l/.t [(dt)= f u . ( t ) [ l z  I(dt)--~O, while the u. are uniformly approximated by 

elements of P+ because ft. _-> 0 lies in L ~(Z). An exact analytic formulation of the 

restriction on I~[ implict in (1) is not clear. (Note that for G compact 

Katznelson's observation yields an easier proof of Lemma 1: for Re(p#)^_- > 0, 

p �9 P+, and choosing p, so that p,~ ---, - / z  we obtain - Re/2 _-> 0.) 

* In fact we only need a net {p~} in P+ for which [[p~tt II----~ 0 and l i m / ~ ( y ) =  > 1, all y, and this is 
also necessary: for E C F finite and e > 0 we must  have p = PE, E P+ with/~ => XE and lip# II < ~ ; 
otherwise for some E and e, p E P. , /~  _-> XE imply [Ipjz ]1--> e, and for p o e  P+ with/~o = XE this says 
the convex set po+ P§ has L~ distance _-> e from 0; so R e f g ( p o + p ) d t t  _--- 1 for some g ~ L| l) 
and all p E P§ yielding a non-vanishing support ing functional for P+. 

As an example where this fails a l though # { 0 } = 0 ,  on T = ( - z r ,  zr] take ~ ( d t ) =  
I t [-~r2 max (1 - [ t I, O)dt, which has g ~ 0 as one shows in one proof of Polya 's  theorem [1, p. 183]. 
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The  second part of our  quest ion is when (P+ - P+)- is complex linear, and here  

our  answer is simple and comple te .  

LEMMA 3. The closure ( P + -  P+)- in L '(I/X l) of  the real linear span of  F is 

complex linear iff /X and/X  * are mutually  singular. 

Since the real l inear span of F is complex  linear iff it is L ~(I/X I) itself we have 

this iff every cont inuous  l inear funct ional  on the real Banach space L~(Ip. I) 

o r thogona l  to P + -  P+ (or to F) vanishes identically, i.e., iff R e f  h yd/x = 0, all 

y E F implies h = 0 in L=(I/X J). The  last hypothesis  says precisely that (h/x) ̂  has 

purely imaginary values, so we have just to know (h/x)^ real valued implies h = 0 

in L=(I/X I) (or h/x = 0) for  h ~ L=(I/X I). Because (h/x)  ̂  is real valued exactly 

when h/x = (h/x)* we must have h/x = 0 if/X and/X * are mutual ly singular since 

(h/x)* .~/X *. Conversely ,  i f /x  and /x  * are not singular we have an f E L~(I/X I) 

with 0 ~ f/x "~/X *, so [/X = g/x *; multiplying this last equali ty by an appropr ia te  

characterist ic  function we can assume both jr and g are bounded ,  so (jr/x)* = g*/x 

lies in L=(I/Xl)/X (where g * ( x ) = g ( - x ) ) .  But now one of the e lements  

jr/x +(jr/x)*, ( l / 2 i ) ( f / x - ( f / x ) * )  is non-zero,  lies in L=( I /X l )/X, and has a real 

t ransform,  complet ing our  p roof  of L e m m a  3. 

For  G = T we thus have the following variant  of Ra jchman ' s  result, by the 

a rgument  preceding L e m m a  2. 

THEOREM 3. Suppose K is a closed cone in C, K ~ C, with vertex O, and  tx is a 

measure on the circle group T = ( - ~r, 7r] singular with respect to its reflection/X * 

and having 

f '/" I/X I( - t, t )dt  = o (n-2). 
) 

T h e n  

(3) cl(~, + 2) c K 

implies ;~ @ Co(Z) [or any v ~ /X. 

The  only s t ructure  in Z involved with the translat ion invariance implicit in (3) 

can be formula ted  generally:  for  closed subsets S, So of F let us say So translates 

into S modulo compacta if (y  + So)\S is relatively compact  ]:or each y in F. 

Fur ther ,  let ci(/2, S)  be the set of cluster values of/3. along S, i.e., the set of limits 

of nets {/2(y~)} where  y~ E S and y~ ~ o o  in F. Then  if So translates into S 

modulo  compac ta  and c1(/2, S)  C K we have ci((p/x )^, So) C K for any p E P+: for  

if z E c l ( (p#)v ,S . )  = cl(Y. ad2~, , S,,) then z = lim Y.T=, ad2 (7~ - y~) where  aj ~ 0, 

~,~ E So and y8 ~ ~ in F, and we can assume ~ (y~ - yj)--* z, for  each j ;  but then 
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3'6 - 3'j --~oo in F so 3'~ - 3'~ • S for 6 _-> 6~ as well, whence  zj E c1(/2, S ) C  K, and 

z = E a j z j E K .  

N o w  if P+ is dense  in Lt(I /~ l) we can again use the a rgumen t  of  R a j c h m a n ' s  

t h e o r e m  to show cl(b, So) = {0}, v "~ IX; since cl(lix J^, - S,,) = cl(Jix I% S,,) = {0} 

follows we have  cl(b, - Sl) = {0} if St t ranslates  into So modu lo  compac ta .  Thus  

THEOREM 4. Suppose G and F are dual  locally compact abelian groups and 

tz ~ M ( G ) and IX * are mutually  singular, while 0 E G does not lie in the closed 

support of  IX. I f  

(4) ci(/2, S)  C K, 

a closed cone properly contained in C, while So translates into S modulo compacta, 

then cl(b, So) = {0} for v ~ IX; and if S, translates in So modulo compacta as well 

then cl(fi, - S~) = {0}. 

When  we only know P~_ fo rms  a real subspace  we can obtain  a var iant  of 

R a j c h m a n ' s  t h e r o r e m  in which our  conclusion exactly parallels  our  hypothesis .  

THEOREM 5. Suppose IX E M ( T )  has ( say )  f~/"lix J ( -  t, t )dt  = o(n-2),  and 

suppose K is a proper cone in C, or, if K = {z: Re  e~ez =>0}, that IX 

e ,oix + e-'~ * = IXo. I f  

(3) c1(/2, + oo) C K 

then the same is true with i~ replaced by ~, v ~ tx, and cl(/2, - o~) C K. Finally, i l K  

is a proper cone, all our cluster sets reduce to {0}, and ~ E Co(Z) all v ~ IX. 

We shall use the condi t ional  weak  compac tness  of the set of measu res  3'IX, 

3' E F, along with the fact that  any weak  cluster  point  must  be  of  the fo rm 

gtx, g E L~(IIX I). Indeed  we have  only to note  that  any weak cluster  point  g/x of 

a net {'Yd-~ }, where  3'~ ~ + ~ in Z = F, must  have  Re  (e'~ ~ 0 for  any 0 in 

R with Ree~ek >--0 all k E K ;  since this is t rue  for  all 3' in F, by L e m m a  2 we 

know Re(e~~ ^ - 0 .  But  because  e'egtz is any weak cluster  point  of any net 

{3`~e'8/x} with 3`~ -~ + ~ we have  

cl (Re  (e ,oix )^, + oo) = 0, 

so IX ;(3`)--* 0 as 3' ~ + oo for  the measu re  IXo = e'Oix + (e" ix)  *. By R a j c h m a n ' s  

t h e o r e m  the same  is t rue  for  each ~, ,~ IX, and in particul~ir for  I/ze I, so we have  

the same  behav io r  at - ~ (for I Ixe I and the re fore )  for  IXs. Now if K is p rope r  we 

have  tix I{dix *MIX = - e 2 ~ }  = 0 for  a dense  set of  those  0 yielding suppor t ing  

funct ionals  for  K, and this insures IX ,</ze (for e'~ e - ' e l z* (E)=  0 for  all 
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E C E,, implies dtz */dl.t = - e 2'~ Itz I-a.e. on Eo). Since we are a s suming / z  ,~/z0 

if K is not proper ,  we now have  

c l (Re  e %3, --- ~)_--> 0 

for  all v ,~/z, for  sufficiently many  0 to insure cl(b, _+_oo) C K, and we are done  

once  we note  (for our  final asser t ion)  that  for  K proper ,  0 is the only e lement  on 

which all suppor t ing  functionals  vanish. 

Precisely the same  sort  of a rgumen t  yields an a l te rna te  version of T h e o r e m  4. 

THEOREM 6. Suppose G and F are dual  locally compact abelian groups and 

tz E M ( G )  does not have the identity of  G in its closed support while 

(5) cl(~, s) c K, 

where K is proper, or if K = { z :  Re(e'Oz)>=O}, tz ~ tzo  = e~~ +e-'~ *. I f  S,, 

translates into S modulo compacta then cl03, So)C K for any v ~ It; if S, 

translates into S,, modulo compacta as well, then cl(b, - Sj) C K. Finally, when K 

is proper, all our cluster sets reduce to {0}. 

(We have  to note  that  here  we obtain f t o (y )=(e '~  +e-'~tz*)^(y)--~O as 

y --. oo in S, or  cl(fio, S) = {0}, so we have  cl(pp.,, S0) = {0} with p any t r igonomet -  

ric polynomial ,  and the a rgumen t  of R a j c h m a n ' s  t h e o r e m  does  apply.)  

The re  are o ther  var iants  in which the same  sort of a rgumen t  works.  For  

example  

THEOREM 7. Suppose f is an even bounded continuous function on F for 

f -  f~ E Co(F) for each y E F. I f  0 ~: S~ and either K = {0} or i ~ and ix* are 

mutually singular, while So, S~ and S are as in Theorem 6, then 

(5') cl(f/2, S)  C K 

implies cl(fb, So)C K and cl(f~, - S , )C  K for all v ~ tz. 

We need only note  that here  (f/2)~ = ft2~ + (f~ - f)t2~ and f~ - f E C,(F)  show 

cl(f/2~, S ) =  c l ( ( f /2) ,  S), whence  (5') allows us to conclude that  c l ( f (pp. )  ^, S,,)C 

K, p E P .  or, if K = {0}, for  all p ; since our  hypotheses  insures that  P+ is dense 

in L ' ( l t z  I ) i f  K ~ { 0 } ,  in e i ther  case we obtain cl(f~,S, ,)C K since v--- , fb is 

con t inuous  f rom measu re  no rms  to sup norms,  and we are done.  

As i l lustrated in the p roof  of T h e o r e m s  5 and 6, the fact that Flz has weakly 

compac t  weak closure allows us to t ranslate  s t a t ements  abou t  cluster  values of 

into s t a t ements  concerning values of certain Four ie r -S t ie l t j es  t rans forms  

(specifically of limits v of nets {y~/.t } in the weak topology,  which coincides with 
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the topology of pointwise convergence on F on the weak closure of F/z). For 

example for G = R if we set 

E+~(/z)= I'l {'//*: y > r } -  
r > 0  

(where the bar denotes weak closure) and let SE+(t*) denote its closed (hence 

weakly closed) span then 

E+~(t ~ t)C SE+~(~) 

by the argument yielding Rajchman's theorem, so E_=(/.t)C SE+~(I~). (In case 

0 E S,. and ~ and bt * are mutually singular we can replace SE+~(I~) everywhere 

by the obvious closed cones; thus if say E+=(/z) C C = {A ~ Ao: .{ ~ O} = FC so is 

E+o(f~ I).) 
One can concoct some involved applications of Theorem 6. For example 

suppose 0 E S,., /z E M ( R " )  and p. is equivalent to a rotationally invariant 

measure A, and c1(/2, S) lies in a proper  cone, where S is the union of a sequence 

of balls B,=B(xj ,  rj) tending to ~ with radii rj--+~, while ( t ,~)C 

Uj ( tx i t -  Or i, Ix, t + Ori) for some t E R and O < 1. Then using So = UjB(xi,  Or~) 
we can conclude that cl(A, S,) = {0}, so ,{ E Co(R") since ,s is radial, and thus 

# E Co(R"). 
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